Abstract-The problem of the stability analysis for constrained mechanical systems is addressed using tools from classical geometric control theory, such as the notion of zero dynamics. For the special case of linear constrained mechanical systems we show that stability is equivalent to a detectability property. The proposed techniques are illustrated by means of simple examples.
I. INTRODUCTION Stability analysis, control and simulation of constrained mechanical systems have attracted attention from the research community because of the large number of applications in which they arise, such as robot manipulators with constrained end-effector [1] , multirobots holding a shared object [2] , robotic hands for grasping [3] and parallel manipulators [4] . Most of the research has focused on the solvability and numerical solution of the differential-algebraic equations [5] , [6] , [7] , [8] , while very limited results have been developed on the stability and control of constrained motion. [9] has given some stability conditions for nonlinear constrained mechanical systems using linearization arguments. In addition, in [10] some stabilization results using nonlinear feedback for constrained dynamical systems have been presented, while in [11] the feedback stabilization and the tracking problems have been studied for nonlinear singular systems. Additional difficulties arise in the case of singular constraints, also known as rank-deficient constraints [12] , [13] , [14] . This kind of constraints arise, for example, when the trajectory of the system passes through, or near, a kinematic singularity. In this case the solution of the differential-algebraic equations describing the constrained mechanical system can exhibit different behaviours: if the constraints are rank-deficient, but constant-rank, the solution may either not exist or be well-defined, or the problem can be of higher index [15] . If the constraint becomes singular at a point, e.g. an equilibrium point, the solution may bifurcate, or may not exist beyond that singular point, or the solution may be well-defined.
The zero dynamics of a dynamic system represents the internal behaviour when the input and the initial conditions have been chosen to constrain the output to remain identically equal to zero. In [16] , the relationship between the zero P. Di Franco is with the Dept. of Electrical and Electronic Engineering, Imperial College London, London, SW7 2AZ, UK, E-mail:
pierluigi.di-franco13@ic.ac.uk. dynamics and the stability of a system has been studied. Additionally, there are few results in the literature about the concept and the properties of the zero dynamics for differential-algebraic systems, see for example [17] and [18] .
The objective of this paper is to present some stability conditions for constrained mechanical systems extending the notion of zero dynamics. In Section II we recall the definition of index for differential-algebraic systems and the notion of relative degree for nonlinear systems. A stability condition for nonlinear constrained mechanical systems is then given. The approach presented has two main advantages: on one hand it permits to study stability avoiding any issue concerning the direct substitution of the constraint; on the other hand stability of the differential-algebraic system reduces to the stability of an ordinary differential system with reduced order, thus easier to study with classical tools. At the end of the section an example illustrates the results. In Section III we study the special case of linear constrained mechanical systems, showing how stability is related to a detectability condition. The theory is then validated with an example. Finally, in Section IV, we report our conclusions. Notation. We use standard notation. The superscripts denotes the transposition operator. I and 0 represents the identity and zero matrices of appropriate dimensions, respectively. The symbol L f h denotes the Lie derivative of the function h along the vector field f ,
derivative of the function y(t) provided it exists. Given a manifold Z, the symbol f | Z indicates the restriction of f to Z.
II. CONSTRAINED NONLINEAR MECHANICAL SYSTEMS
In this section, motivated by the problem of studying the stability of constrained mechanical systems, we show how differential geometric tools can be used to study the stability of differential-algebraic systems. We conclude the section with two examples.
A. Stability of constrained mechanical systems
Consider a constrained mechanical system described by the differential-algebraic equations
where M (q) ∈ Rn ×n is a symmetric positive-definite matrix called mass or inertia matrix, Q(q,q) ∈ Rn is the vector of external forces (other than constraint forces) and V (q) ∈ R m represents a set of m kinematic constraints. Here q,q and q representn-dimensional vectors of (generalized) position, velocity and acceleration, respectively, while λ ∈ R m is a set of m Lagrange multipliers modelling the reaction forces. Since M (q) is invertible, we can write system (1) in state space form as the differential-algebraic systeṁ
where (x(t), λ(t)) ∈ R n+m , with n = 2n, is the state vector and f , g and h are mappings of appropriate dimensions. Assume that f , g and h are smooth. For simplicity we assume, in the remainder of the section, that m = 1, explaining later how to handle the case m > 1. We recall now the definition of differentiation index.
Definition 1: [15] The differentiation index ν of the differential-algebraic system (2) is equal to the minimum number of times it is necessary to differentiate (2) in order to find an explicit expression ofẋ andλ as continuous functions of x and λ.
Consider now the input-affine nonlinear systeṁ
with state x(t) ∈ R n , control input λ(t) ∈ R and output y(t) ∈ R. We recall here the notion of relative degree.
Definition 2: [16] The single-input single-output nonlinear system (3) is said to have relative degree r at a point
The first result of this section relates the differentiation index of system (2) with the relative degree of system (3). Lemma 1: Let ν be the differentiation index of the differential-algebraic system (2) and r the relative degree of the system (3), and assume both are well defined. Then ν = r + 1. Remark 1: Several different notions of index have been defined for differential-algebraic systems, see e.g. [19] . The perturbation index, the tractability index and the geometric index are numerically equal to the differentiation index, although these are defined under different technical (smoothness) assumptions. Finally, the strangeness index is equal to ν − 1.
We provide now the main result regarding the stability of a class of differential-algebraic systems.
Theorem 1: Suppose that the differential-algebraic system (2) has differentiation index ν ≤ n. Stability properties of the equilibrium points of system (2) are equivalent to stability properties of the equilibrium points of the zero dynamic of system (3).
Remark 2: The zero dynamics has dimension equal to (from Lemma 1)
where ν − 1 is the actual number of constraints acting on the system. Thus the zero dynamics is the representation of system (2) with the minimum number of independent coordinates. Remark 3: The case ν > n implies the existence of at least n constraints acting on the system. This means that the state belongs to a zero dimension manifold, or the equations have no solution.
Remark 4: The case m > 1 can be handled in a similar way exploiting the notion of relative degree for multi-input multi-output systems as given in [16] . Consider the simple pendulum depicted in Fig. 1 with mass m and length l moving under the gravitational acceleration g and subject to a viscous friction with constant c. Such a system can be described by a set of differential-algebraic equations in the Cartesian coordinates (X, Y ), i.e.
where
and
or by the state space form (2) with
The equilibrium points of (4) are (x e1 , λ e1 )
To find the normal form set
and choose
which are such that
Note that equations (7), (8) and (9) define a transformation z = φ(x) the Jacobian matrix of which is nonsingular for all x such that x 2 1 + x 2 2 = 0. In the new coordinates the system is described by the equationṡ
The equilibrium points in the new coordinates are
and (z e2 , λ e2 ) = (π, 0, 0, 0, 0).
As outlined in Section II stability properties of the equilibrium points of the differential-algebraic system (10) are equivalent to stability properties of the equilibrium points of the zero dynamic of (10), i.e.
which, in turn, is an unconstrained mechanical system with friction. Linearizing (11) around the two equilibrium points z e1 = (0, 0) and z e2 = (π, 0) yieldṡ
which are, respectively, asymptotically stable and unstable. Hence the equilibrium point (x e1 , λ e1 ) = (0, −l, 0, 0, mg 2l ) is locally asymptotically stable, while the equilibrium point
) is unstable. Note that, using the Lyapunov functions
one can prove almost global asymptotic stability of (x e1 , λ e1 ).
In the case in which the index ν of (2) is undefined at some equilibrium points x • (these points are called "singular points"), it is still possible to study the stability of x
• using the local characterization of zero dynamics which can be computed via the zero dynamic algorithm, see e.g. Chapter 6 of [16] .
III. CONSTRAINED LINEAR MECHANICAL SYSTEMS
In this section we discuss the special case of constrained linear mechanical systems and we show that asymptotic stability is equivalent to a detectability condition.
Consider a linear constrained mechanical system described by the equations
where q(t) ∈ R n represents the displacement vector, M = M > 0 ∈ R n×n is the mass or inertia matrix, D ∈ R n×n is the damping matrix and k ∈ R n×n is the stiffness matrix. The equation Jq = 0, with J ∈ R m×n , represents a set of kinematic constraints while λ ∈ R m characterizes m Lagrange's multipliers (constraint forces). We assume that the matrix J is full rank.
Theorem 2: Let
with
System (15) is asymptotically stable if and only if the pair (A, C) is detectable.
A. Example 3: A simple pendulum (revisited)
Consider again the simple pendulum in Fig. 1 with mass m and length l acting under the gravitational acceleration g and subject to viscous friction with constant c. Linearizing (4) around the equilibrium point (X e1 , Y e1 ) = (0, −l) we obtain the linear systeṁ
For this system the matrices (16)- (17) are
Since (A, C) is detectable we can conclude, by Theorem 2 and consistently with Example 1, that system (18) is asymptotically stable, thus (X e1 , Y e1 ) = (0, −l) is a locally asymptotically stable equilibrium for system (4) . Consider now the linearization of (4) around the equilibrium point (X e2 , Y e2 ) = (0, l), which lead to the linear systeṁ In this case (A, C) is not detectable thus we conclude, by Theorem 2 and consistently with Example 1, that system (19) is unstable and, as a consequence, that (X e2 , Y e2 ) = (0, l) is an unstable equilibrium point for system (4).
IV. CONCLUSION
In this paper we have studied the stability problem for constrained mechanical systems with the notion of zero dynamics. The theory proposed applies also to the cases in which the equilibrium point coincides with a singular point, i.e in which the index of the differential-algebraic system is undefined. In addition, we have also derived a simple stability condition for the special case of linear constrained mechanical systems. Finally, we have provided two examples to validate the theoretical results.
